rijiocKoe opHraMH h fljiHHHbift py6jib 

Ahtoh rieTpyHHH* 



3a;i,aHy, o KOTopoli noiifleT pe^b. npH;i,yMaji Bjia;i,HMHp Apnojibri; b 19 jict. 
CeiiHac eiviy yxce sa 70, oh oahh hs caMbix HseecTHbix pocchhckhx MaTCMaTHKOB. 
HsBecTeH oh mhofo hsm, ho 6ojiee Bcero cbohmh saflanaMH, KOToptix HanpH^y- 
MbiBaji y>Ke okojio tbichhh. Mnorne h3 sthx sa^an ^o chx nop iic pcmeHBi, a 
HTo6bi peniHTb HCKOTopbie, npHinjiocb pasBHTb hobbib oGjiacTH MaTCMaTHKH. 

HaHanajiBHO aa^ana (J)opMyjiHpoBajiaci> Tax: «mookho au u3 py6M cao- 
Ofcum'b nAOCKjpo cfimypy c BoAtmuM nepuMcmpoM? » . 9Ta sa^ana 6Bijia nony- 
jiapna b MaTCMaTHHecKOM cjjojiBKjiope, h b hckotopom cmbicjic pfi chx nop ne 
pemena. Mbi c(|)opMyjiHpyeM aa^any neMHoro HO-flpyroMy: 

Saflana 1. Mookho au CAOotcumt KeadpamHuH Aucm dyuazu ua riAOCKOcmu 
maK, umo nepuMemp noAyueHHoU ^ueypu npeeucum nepuMemp ucxodnoeo au- 

cma? 



Otbct Ha 9Ty saflany aaBHCHT ot 

TOrO, HTO HOHHMaTB HOfl CJIOBOM «CJIO- 
7KVLTb». HanpHMep, HOfl «CKJiaflI>IBaHH- 
eM» MOJKHO HOHHMaTb HOCJieflOBaTejIb- 

HOCTb cjieflyiomHx «HeperH6aHHH»: bo3- 
MBM MHoroyrojibHHK M, Bi>i6epeM npa- 
MyK) q, ceKyniyio M, neperneM M baojib 
q, npH 3T0M nacTH M no pasHBie CTopoHbi 
OT q «cicjieHTCH» b hobbih MHoroyrojit- 
HHK M' (cm. pHCyHOK 1). 

KaK cjieflycT h3 ynpaacHeHHa, la- 

KHMH OHepaH,HHMH yBCJIKHHTb HCpHMCTp 
HCJIbSH. 




Phc. 1: nepernG M. 



ynp£L»cHeHHe. /(oKaoKume, nmo nepuMemp M' ne npeeocxodum nepuMemp 
M. (Upu petuenuu amoeo ynpaotcneHUA o6pamume eHUManue, umo e o6iju,eM 
CAynae npAMUM q Mooicem nepeceKambCM c M no uecKOAbKUM ompesKaM.). 

IIpH noMom,H SToii OHepaH,HH HejiBSsi OTorayTB nacTB jiHCia, KOTopaa jicjkht 
Ha flpyroM. HanpHMcp, neBOSMOJKHO npoBCCTH HOCJie;i,OBaTejiBHOCTB «HeperH6a» 
H «0TrH6a» KaK ua pHcyiiKC 2. BTopaa oncpaH,HH yBcnnnHBacT ncpHMCip, xoia 
OH ocTacTCH Bce eni,e MCHBrne nepHMCTpa HCxoflHoro KBaflpaia. Ecjih ho^ «CKjia- 

flbIBaHHeM» HOHHMaTb HOCJieflOBaTejIBHOCTB TaKHX HeperH6aHHH H 0TrH6aHHH, 



* Bojitmoe cnacH6o ApceHHio AKonany, AjieKcaHflpy BocTpHKosy, Po6epTy Jlanry h AjieK- 
ceio TapacoBy 3a noMomt npn cocTasjieHHH stoh saMeTKH. 



Phc. 2: neperaG h otphG. 

TO OTBCT Ha 3a;i,aHy chx nop hhkto ne snaeT (xoth, bosmojkho, hhkto h ne 
XOHCT ysnaTb). 

1 ilnoHCKHH :a<:ypaBJiHK 



Phc. 3: HnoHCKHH jKypaBjiHK h ero paaeepTKa. ToneHKbiM nynKTHpoM o6o3Ha- 
HCHbi CKjia;i,KH, KOTopbie ;i,o6aBjiHK)TCH npH pacnpaBjieHHH KptijibeB, sarnGanHH 
men, xBOCTa h tojiobbi (rojiOBa — npaBbiH hhjkhhh yroji, kphjibh — jieBbifi 

HHJKHHH H npaBHH BepXHHH, XBOCT — JICBBIH BepXHHIl) . 

Ho;; CKjia;i,HBaHHeM mo>kho noHHMaTb eme 6ojiee o6iii,yK) onepai^nio: npe;;- 
CTaBbTe ce6e, hto mm pasMCTHjin CKjia;i,KH sapanee h crnGaeM jihct Li,ejiHKOM, 
TaK, HTO Bce oGjiacTH, na KOTopbie pasGnT jihct CKjia^KaMH, ocTaroTca hjiockh- 
MH, a nepernGaHHe npoHCxo;i,HT tojibko no CKjia;i,KaM. 

B TaKoii nocTanoBKC npaBHjibnbin otbct — «MO>Kno». y;i,HBHTejibnee to, hto 
BOSMOJKHOCTb HCMnoro yBejiHHHTb nepHMCTp BH;i,na b nocTpoennn o;i,noH h3 
caMbix ^peBHHx cjjnrypoK opnraMH — Tpa;i,Hn,Honnoro anoncKoro scypaBjinKa^ . 
IIpo TO, HTO opnraMHCTbi snajiH otbct, nepBbin MaTCMaTHK ysnaji TOjibKO b 1998 
roAy^. 

^IlepBaH flome^inaH nac KHHra no opHraMH «CeM6ai^ypy opHKaTa» 6bijia iis^aHa b 
1797 rofly. BcH 3Ta KHHra nocBHH;eHa tojibko CKjiaflbisaHHio jKypaBjiHKa. Bes coMHenHH, 3Ta 
(|>HrypKa opHraMH ropasflo flpennee 3toh khhph. 

^BoT 3TOT html-cJ>aHji pacKajKex KaK 3to npoHSomjio. 
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^KypaBjiHKa CKjia^biBaiOT h3 cnei^HajibHoii saroTOBKH. KOTopaa hmcct hc- 
Tbipe GojibniHx KOHn,a h eme oahh KopoTKHii. Hs flsyx KOHn,OB flejiaroTca flsa 
Kpbijia, a ppa ppjTiie «yTOHijinaK)TC}i», h3 hhx nojiyHaroTCH xboct h ineH. Ecjih 
jKe 9Ty «oncpaLi,Hio yTOHbincHHa* npHMCHHTb j^BayKpfA k Ka>K;i,OMy 6o.nbmoMy 
KOHiiy, TO saroTOBKy moxcho 6yfleT bbijiojkhtb na hjiockocth laK, hto nepHMeip 
npcBbiCHT nepHMeip HCxoflHoro KBa^paia. 

Ha pHcynKC 4 cnpaBa H3o6pa»ccHa ncnyHCimaa 4)Hrypa. no;i,o6HbiH npHMcp 
onHcaH B KHHre Jlanra"^. Ecjih oGosnaHHTb nepes a CTopony HCxoflHoro KBaflpa- 
Ta, TO 06x0/1, Ka»c/i,OH H3 HSTbipex Hrji aaiiMeT nyTt Menbine a, a o6xo;i, KopoTKoro 
Tynoro KOHn,a saiiMeT okojio {V2— l)-a, hmchho 3a chct SToro nocncfliicro koh- 
ii,a Mbi nojiynacM npH6aBKy k nepHMeipy. Ecjih mhofo pas hobtophtb npoii,efly- 
py yTOHbrncHHa, to mojkho flo6HTi>CH, hto6i>i STa ;i,o6aBKa CTajia npoH3BOJii>HO 
6jiH3Ka K {V2 — l)-a « |-a. 

B HOJiyHeHHoii 4)Hrype nepHMCTp yBejiHHHBacTca Bcero na nojinpoii,eHTa, h 
CflejiaTb ee pyKanin ne npocTO, xoth bo3mo»cho. Cjieflyex HaiiTH oneHb TOHKyio 
6yMary, xaK KaK KOJinnecTBO cjioeB nocjie pacnpaBjienHH kohii,ob CTaneT pasHO 

BOCBMHfleCaTH. 




Phc. 4: B HciiTpc cno^KenHaa saroTOBKa jKypaBjiHKa c flBa>Kflbi saocTpenHbi- 
MH KOHD,aMH. CupaBa — saroTOBKa »cypaBjiHKa c pacnpaBjiennbiMH KOHii,aMH. 
CjieBa — ceTKa CKjiaflOx; yrjiM meyKpy bcsmh CKjia^KaMH npn BepniHHax KBa^- 
paTa paBHbi; na Ka>KflOM TpeyrojibHHKe yKasan noMcp ero cnoa b saroTOBKc; 
CKjia,ii,KH, KOTopbie ,ii,o6aBjiaiOTca npn pacnpaBjiennH kohii,ob noMeneHbi tohch- 

HMM nyHKTHpOM. 



2 E>KHK H pacHecKa 

OKasbiBacTca, hto nepHMCTp cjio>KeHHOH (Jjnrypbi mojkho c^ejiaTb npoHS- 
BOjibHO 6ojibmHM. 3to mojkho yBH^CTb H3 nocTpocHHa ,ii,pyroH cjjHrypKH opnra- 

•^R. Lang, Origami Design Secrets 
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MH, TaK HasbiBaeMoro «MopcKoro e>Ka». 3Ty cjanrypKy cjio>khji b 1987-om ro;i,y 
aMepHKancKHH oparaMHCT Po6epT Jlanr. He snaa hh npo e>KHKa, hh npo >KypaB- 
jiHKa, AjiCKceii TapacoB Hameji CBoe peineHne b 2004-om ro^y, cjio>khb ;i,pyryKi 
4)nrypy, KOTopyio mh HasoBCM pacnecKoft TapacoBa. Oh noflpmen k aa^ane KaK 
MaTCMaTHK, npHBeji TOHHyro cjDopMyjinpoBKy h noKasaji, hto b npon,ecce no- 
;i,o6Horo CKjia;i,biBaHHH mojkho o6oHTHCb 6e3 pacTarHBaHHii n c»cHMaHHH jiHCTa 
(npneMbi, KOTOpbiMH opHraMHCTbi nacTO nojibsyiOTCH) . 



3Ty «TOHHyK) 4)opMyjiHpoBKy» h 3;i,ecb He npHBOscy, h ona cobccm ne TaKaa: 
npocTaa, KaK MOHceT noKasaTbCH. 06'bHCHHTb npoLi,eccbi CKjia;i,biBaHHH h TOJKe 
He 6y;i,y, hx mojkho naftTH cooTBeTCTBenHO b KHH>KKe MoHTpojijia h Jlsnra"* h 
nocMOTpeB BHflHO-4)aftjibi AjieKcea: TapacoBa^. Ho ^aBaftTe noiiMeM npHHLi,Hn, 
KaK MO>KHO c;i,ejiaTb nepHMeip npoHSBOjibHO 6ojibmHM. 

KaK BH;i,HTe, b o6ohx 3thx npHMepax HMeeTca 6ojibmoe hhcjio nrojiOK. Hpn 
CKjia^biBaHHH pacnecKH KBa;i,paT co CTopoHoii a ;i,ejiHTCH na A-n? paBHbix Kjie- 
TOK — 2-71 no BepTHKajiH H 2-n no ropnsonTajin (fiJia pacnecKH na pncynKe 5, 
n = 2). Ka}K/],aH h3 hfojiok nojiynaeTCH h3 o;i,noH KjieTKH, no ncnojibsyeTCH 
TOjibKO nojiOBHna KjieTOK; o6m,ee nncjio nrji paBno 2-n?. Hpn stom TOjini,nny 
Ka>K;i,OH nrjibi Moscno c;i,ejiaTb nponsBOjibno Majioii, a ;i,jiHny 6ojibme, neM ^ 
— neTBepTH CToponbi KjieTKn. 3nannT, o6xo;i, Ka>K/],OH nrjibi safiMeT 6ojibnie 
neM H o6ni,nH nepnMeTp npeBbicnT TaKHM oGpasoM, bshb n ;i,ocTaTon- 
no 6ojibmnM, MO>Kno ;i,o6nTbCH Toro, hto nepnMeTp npeB30H;i,eT jiK)6oe nanepe;; 
3a;i,annoe nncjio. 

Hpn TaKOM CKjia^biBannn pasMep pacnecKn 6y^eT Menbme 2^ — CToponbi 
KjieTKn, n npocToii no^cneT noKasbiBaei, hto nanGojibmee KOJinnecTBO cjioeB b 
o;],noii TonKe ^oji>Kno 6biTb cym,ecTBenno 6ojibme (nnane nrjibi 6y;i,yT na- 
xo^HTb APyr na ;i,pyra). HosTOMy, cym,ecTBenno yBejinnnTb nepnMeTp Moacno 
TOjibKO y n;i,eajibnoro jincTa 6yMarn nyjieBOii TOjim,nnbi. npe;i,CTaBbTe, nanpn- 
Mep, nTO Bbi saxoTnTe TaKnM cnoco6oM ybejinnnxb b 10 pas nepnMeTp KBa;i,paTa 
10 X 10 canTnMeTpoB na oGbinnoro TeTpa;i,noro jincTa. /Jjih SToro na;i,o bshtb 
n > 10, pasMep nojiynennoii c|)nrypbi ;i,oji»cen 6biTb Menbme canTnMeTpa, n ona 

*Montroll and Lang, Origami Sea Life 

^OnjibMbi: CKjiafltiBaHHe panecKH, OTflenbHO oflHoit hfjim h flByx nrji. 




Pnc. 5: JIsnroBCKnii ejK n pacnecKa TapacoBa. 
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6y;i,eT 6ojiee neivi b 10 tbichh pas (t. c. 10^) Tcnmc .nncTa. Tcnmnna TCTpa;i,Horo 
jiHCTa npeBbiinaeT 0,05 MHjijiHMCTpa^, a, snanHT, naina cjjHrypa b cjioxcenHOM 
BHfle flOJiacHa 6i>iTi> «TOJiiri;e» nojiOBHHbi Mexpa! 

3 EiD;e sa^aHH. 

Cnoco6i>i yBejiHHeHHH nepHMeipa, onHcaHHbie Bbiine, o6jia,ji,aK)T o^khm He;i,o- 
CTaTKOM — BO BpeMH Hx CKjia;i,HBaHHH HeoGxoflHMO o;i,HOBpeMeHHO crnGaTB jihct 
B orpoMHOM HHCJie MecT. Cjieflyromnii npHMep ocHOBan na Hflee HBana 5Iiii,eH- 
Ko'^, OH TaKJKe ^aeT jiHinb HesnaHHTejibHoe yBejinneHHe nepHMeipa, ho coctoht 
B nocjie;i,OBaTejibHOM npHMCiiCHHH o^Horo h Toro >Ke npocToro flciiCTBHa. Ec- 
jiH noBTopHTB ero floCTaTonno MHoro pas, to nojiynnM cJjHrypy ckojib yroflno 
6jiH3Kyio K (J)Hrype cnpasa, y nee nepHMeip cjierxa 6ojii>ine hsm y KBa^paTa. 




Phc. 6: CeTb CKjia^OK nocjie ce^bMoro noBTopeHHH fleiicTBHH. caMa CKjia^Ka h 
npe^ejibHaH cjjnrypa (nocjie GecKoneHHoro HHCJia noBTopeHHii). 

Saflana 2. Paadepumecb e amoM nocmpoenuu u donaoicume, umo amom npo- 

v^ecc deucmmim.eAbHO daem yeeAunenue nepuMempa. 

OufiHume HUCAO noemopeHuu, noaie nomopux nepuMemp cmaHoeumcM GoAh- 
tue nepuMempa ucxoduoeo neadpama. Haildume KOAUuecmeo CAoee e cauoM 
moAcmoM Mecme noAyneHHoU ^uzypu. 

npe;i,noji03KHM, KBa^paT cjiojKen b BH^e njiocKoii cjjHrypbi. Otmcthm Bce ero 
CKjiaflKH H pasBepneM. CKjia^KH ^aiOT pasGHenHe KBa^paia na MHoroyrojibHH- 
KH, KaK, HanpHMep, na nepBoii KapTHHKe b pnc. 6. 3to pasGneHHe nasbiBaeTCH 
cemKoU CKAttdoK. 

3a/i,aHa 3. flonaoicume, umo 

1. MHOsoyzoAbHUKU G ceniKe CKACidoK M,ooicno pacKpacumb e nepnuii u 6eAuu 
itfiema maK, nmo cocednue no cmopone MHOzoyzoAbHUKU UMemm paanuu 
v,eem; 

^TojimHHy 6yMarH b xeTpaflH jierKo oiieHHTb, pa3flejiHB ee mnpHHy na KOjimecTBo jihctob. 
^CM. Math. Intelligencer 1998 20(2) 38—40 
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2. npu amoM cyMMa uepnux yzjwe, cxodfixu,uxcsi e oduoH ewympeHHeil eep- 
mune cerriKU paena 180°; 

3. nocmpoUme paaSuenue Keadpama ua MHoeoyeoAbHUKU manoe, umo dAH 
Hezo eunojiHHiomcH ycAoeuM 1 u 2, ho npu amoM oho ne HejinemcH cemKoU 

CKAttdoK. 

PacnecKa TapacoBa (KaK h 4)HrypBi b ;i,pyrHx nofloGnBix npHMepax) HBjiaeT- 
CH HeBBinyKjiBiM MHoroyrojiBHHKOM. A hto, ecjiH flonojiHHTejiBHO noTpcGoBaTB, 
hto6bi cjioxceHHaa (Jjnrypa 6bijia BBinyKjioii? 3to npHBO^HT k flpyroii sa^ane 
c flpyrHM OTBeTOM. 3Ta aa^ana nocjioJKHeft, h npHBeji ee nojiHoe pemeHHe b 
noflpasflejie 4. 

Sci^ana 4. IIpednoAocHcuM, eunyKAuU MHOzoyzoAtHUK M momcho cjiooKumb 
Ha riAOCKOcmu e eude dpyzozo eunyKAOzo MHOzoyzoAhHUKa M' . JJoKaMcume, 
umo nepuMemp M' ne npeeocxodum nepuMtmpa M. (B HacmHOcmu, U3 Kead- 
pama HCAbSM cjiootcumb eunyKAuU MHOzoyzoAbHUK c 6dAbmuM nepuMcmpoM). 

A BOT 3a;i,aHa, KOTopyro mhc peniHTB ne y;i,ajiocB. HasoBCM cjanrypy F SKAa- 
duiucM, ecjiH OHa y;i,OBjieTBopHeT cjie^yiomeMy ycjiOBHio: Am6ym uAocKym <fiu- 
zypy, Komopyw mookho CAOMcumb ita F, mookho noAHOcmbw HciKpumb Konueil 
F. ,HpyrHMH cjiOBaMH, ecjiH 4)Hrypa F' cjioacena h3 F, to F' K0Hrpy3HTHa nofl- 
MHOJKecTBy F. 

Sa^ana 5. Bepno au, umo Kpyzu u moAbKO ohu neAHiomcH eKAaduwaMU? 

He;i,aBHO, b o6cy»c;i,eHHH stoh 3a;i,aHH na maihoverflow MapTHH BaTTeH6epr 
npefljioxcHji cjieflyromero KaHflH^aTa na KOHTpnpHMep; paccMOTpHM nepecene- 
HHe F = D n D' eflHHHHHoro xpyra D c KpyroM D' pa;i,Hyca cxajKeM 1.999 h 
n,eHTpoM Ha rpaHHLi,e D. Ecjih cjio>khtb F b;i,ojib npHMoii to nojiyneHHyK) cjjH- 
rypy Bcer^a mookho naKpBiTB Konneii F, ho flOKasaTB hjih onpoBernyTB to, hto 
F HBjiHeTCH BKjiaflbiineM TaK ne yflajioct. 



4 PemeHHe sa^aHH 4 

3a;i,aHa 4 TaK>Ke HBjiJieTCH nepecJjopMyjiHpoBKoii nacTHBix cjiynaeB ppyx h3- 
BecTHBix saflan KOM6HHaTopHoii reoMeTpHH. Ecjih ne jienB HHTaTB no-anrjiHiicKH, 
nocMOTpHTe CTaTBH AjieKcaH;i,epa^ h Bea^eKa — KoHnejijiH^. TaM bbi naiifleTe 
caMH 3a;i,aHH h hx pcmciiHa, o6a sthx peineHHH oneHB KpacHBBie, ho y mshh 

HpHBc;i,CHO ;i,pyroc, 6ojiec sjiCMCHTapHoe: 

Pemenue. J\nK tohbk A, B, C b MHoroyrojiBHHKe M, 6yfleM o6o3HaHaTB A' , B', 
C cooTBeTCTBjTomne tohkh b MHoroyrojiBHHKe M' . 

^R. Alexander, Lipschitzian mappings and total mean curvature of polyhedral surfaces, no. 
I, Trans. Amer. Math. Soc. 288 (1985), no. 2, 661-678. 

^K. Bezdek, R. Connelly, Pushing disks apart— the Kneser-Poulsen conjecture in the plane. 
J. Reine Angew. Math. 553 (2002), 221-236. 
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IlyCTb {Al, A2, ■ ■ ■ , An} — KOHCHHOe MHO>KeCTBO TOHCK Ha njIOCKOCTH. Ha- 

30BeM oGxBaTOM {Ai, A2, . . . , An} HaHMeHBinyK) fljinny, KOTopyio naflo npoiiTH, 
HTo6i>i 060HTH BOKpyr Bcex tohsk Ai,A2, . . . , An- OGxeet {Ai,A2, . . . , An} 6y- 

^CM o6o3HaHaTb £{Ai, A2, . . . , An). HnaHC roBopa, £{Ai, A2, . . . , An) cctb nc- 
pHMCTp HaHMeHbinero BbinyKjioro MHoroyrojiBHHKa, co^epjKamero Bce tohkh 

Ai,A2,...,An. 

ByneM paccy»c/i,aTi> ot npoTHBHoro, npeflnojioxcHM 
p{M') > p{M), 
r^e p{M) o6o3HaHaeT nepHMeip M. Tor^a b M mojk- 

HO HailTH MHO>KeCTBO H3 H TOHCK {Al, A2, . ■ . , An} 

TaKoe, HTO fljiH cooTBCTCTByromero MHOxcecTBa 

{j4']^, ^2) • • • ) -^n} B BbinOJIHHeTCH HepaBeHCTBO 

£{A[,A'2,...,A'n)>£{Ai,A2,...,An). p 

Phc. 7: OoxBaT tohck 

IIpH 9T0M MOiKHO npeflnojioJKHTB, HTO MHOJKecTBO {Al, A2, ■ . ■ , An} BBiGpano 

TaK, HTO 

1. HHCJio n npHHHMaeT MHHHMajiBHO B03MO»cHoe 3HaHeHHe; 

2. H3 Bcex n-TOHeHHBix noflMHOJKCCTB M BejiHHHna 

e{A'i,A'2,...,A'n)-£{Ai,A2,...,An)>0 
npHHHMaeT MaKCHMajiBHO B03MO»cHoe 3HaHeHHe. 

^aBaiiTe o6o3HaHHM Hepe3 P m P' HaHMenbinHe BbinyKjibie MHoroyrojibHHKH, 
coAepiKamHe MHO^KCCTBa {Ai,A2, . . . , An} h {A'j^, . . . , A'n} cooTBCTCTBeHHO. 
B nacTHOCTH, 

p{P)=£{Ai,A2,...,An) H p{P')=£{A'i,A'2,...,A'n). 
SaMCTbTe, HTO Bce tohkh A!^ wjuuotck BepniHHaMH P' h Bce A'^ pa3JiHH- 

Hbie. /],CHCTBHTejIbHO, npeflHOJIOaCHM, A!n JieJKHT BHyTpH HJIH Ha CTOpOHe P' 

HjiH A'^ = A'- npH i ^ n, Tor^a 

£{A'i,A2, .. ., A'^_i) = £{Ai, A2, . .., A'^_i,A'^). 

IIpH 3T0M OneBHflHO, HTO 

£{Ai,A2,...,An-i)^£{Ai,A2,..., 

To ecTb, Mbi HOJiynaeM HpoTHBopenne c ycjiOBHCM 1. 

Tenepb 3aMeTbTe, hto ecjiH Ai — BepniHHa P, to yroji P npn Ai ne Menb- 
me yrjia P' npn A'^^. ^eiicTBHTejibHO, o6o3HaHHM yroji P npn Ai Hepe3 a, a 
yroji P' npH A'^ Hepe3 a' . Ecjih flBnraTb Ai c e;],HHHHHOii CKopocTbio BHyTpb P 
Bflojib 6HcceKTpHCbi yrjia, to oxBaT £{Ai,A2, . . . , An) b HaHajibHbiii momsht 6y- 
flST yMeHbinaTbCH co CKopocTbio 2- cos ^ . IIpH stom Tonxa A'i 6yfleT ^BHraTbCH b 
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M' TEKJKe C e;i,HHHHHOii CKOpOCTbK), H He Tpy;i,HO BHflCTb. HTO B HaHajIbHblii MO- 

MCHT oxBaT i{Ai, A'2, . . . , A'^) He MOxceT yMeHbinaTtCH co ckopoctbk) 6ojii>ineii, 
HBM 2- COS Ho ycjiOBHK) 2, npn laKOM ;i,BH5KeHHH pa3HHii,a 

£{A[,A'2,...,A'J-£{A^,A2,...,An) 

He MOxceT yBejiHHHBaTbCH. SnaHHT 

2- cos ^ > 2- cos f HjiH a' < a. 

IIpHMeHHB Tcopemy o cyMnie yrjiOB MHoroyrojitHHKa, nojiynaeM, hto h bcc 

Ai HBJIHHDTCH BepniHHaMH P.^^ 

EcjiH HpeflHOJiojKHTb, HTO TOHKH Ai HpoHyMepoBaHBi B HopimKe oGxofla P, 
TO HOJiynaeM: 

£iAi,A2, . . . , A„) = + 1^2^31 + • • • + \AnAi\ 

OHeBH;i,HO, HTO ^ l^i^jl A-nH Bcex i n j, a, snanHT 

\A[A'2\ + lA'^A'^l + ... + ^ + 1^2^31 + • • • + |A„Ai|. 

^ajiee, ^jih jiio6oro KoneHHoro MHOxcecTBa tohck hjiockocth {A'^, A2, . . . , A'^} 
BbinojiHaeTCH 

£{A[, A'2, . . . , O < \A[A'2\ + \A'2A':,\ + ■■■ + \A'^A[\. 

Hnane roBopa, o6xBaT BepniHH jiio6oh saMKHyToii jiOManoii ne npcBOCxoflHT 

;;jIHHbI JIOMaHOH. ^OKaJKHTC 3T0 caMH. 

TaKHM oGpaaoM 

£{A[,A'2,...,A'J^£{A,,A2,...,An) 
— npoTHBopcHHe. □ 



^"Mm TEiKxce nojiyiaeM, hto yrjibi npn cooTBexcTByiomHx BepniHHax pasHH. 9to cbohctbo 
B HameM flOKasaTejitcTBe ne npHMeHHexca. 
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